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a b s t r a c t
In this paper, we consider systems of generalized vector quasi-equilibrium problems in
G-convex spaces. By applying two maximal element theorems for a family of multivalued
mappings on product G-convex spaces, we establish some existence results for solutions of
these problems under generalized pseudomonotonicities and under lower semicontinuity
for a family of multivalued mappings.
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1. Introduction
Let X be a convex subset of a real topological vector space E (in short t.v.s.) and f : X × X → R be a given function with
f (x, x) ≥ 0 for all x ∈ X . By classical scalar equilibrium problem, Blum and Oettli [1] considered the problem of finding
u ∈ X such that f (u, y) ≥ 0 for all y ∈ X . This problem contains optimization problems, Nash type equilibria problems,
variational inequality problems, complementary problems and fixed point problems as special case.
In the past decade, there have been many extensions of classical scalar equilibrium problems in different directions; see,
e.g. [2–15] and references therein. Some monotonicity or pseudomonotonicity conditions are usually assumed in most of
theseworks. For each i ∈ I , let Ki be a nonempty convex subset of a Hausdorff topological vector space Xi. Let K = Πi∈IKi and
X = Πi∈IXi. For each i ∈ I , let Yi be a topological vector space, L(Xi, Yi) the space of all continuous linear operators from Xi to
Yi. LetDi be a nonempty subset of L(Xi, Yi), Ci : K −→ 2Yi amultivaluedmapping such that for all x ∈ K , Ci(x) is a closed and
convex cone with intCi(x) ≠ ∅, where intCi and 2Yi denote the interior of Ci and the family of all subsets of Yi, respectively.
For each i ∈ I , let Fi : Ki −→ 2Yi be a multivalued mapping with nonempty values, Ai : K −→ 2Ki a multivalued mapping
with nonempty convex values such that A(x) = Πi∈IAi(x), and ψi : Di × Ki × Ki −→ Yi a function. In 2008, Ansari et al. [2]
considered five different types of systems of generalized vector quasi-equilibrium problems (in short, SGIVQEP).
SGIVQEP1 Find x¯ ∈ K such that x¯ ∈ A(x¯) for each i ∈ I ,
∀u¯i ∈ Fi(x¯) : ψi(u¯i, x¯i, yi) ∉ −intCi(x¯), ∀yi ∈ Ai(x¯).
SGIVQEP2 Find x¯ ∈ K such that x¯ ∈ A(x¯) for each i ∈ I ,
∃u¯i ∈ Fi(x¯) : ψi(u¯i, x¯i, yi) ∉ −intCi(x¯), ∀yi ∈ Ai(x¯).
SGIVQEP3 Find x¯ ∈ K such that x¯ ∈ A(x¯) for each i ∈ I ,
∀yi ∈ Ai(x¯), ∃u¯i ∈ Fi(x¯)(ui depends on yi) : ψi(u¯i, x¯i, yi) ∉ −intCi(x¯).
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SGIVQEP4 Find x¯ ∈ K such that x¯ ∈ A(x¯) for each i ∈ I ,
∀y ∈ A(x¯), ∀vi ∈ Fi(y) : ψi(vi, yi, x¯i) ∉ −intCi(x¯),
where yi is the ith component of y.
SGIVQEP5 Find x¯ ∈ K such that x¯ ∈ A(x¯) for each i ∈ I ,
∀y ∈ A(x¯), ∃vi ∈ Fi(y)(vi depends on y) : ψi(vi, yi, x¯i) ∉ −intCi(x¯),
where yi is the ith component of y.
Then SGIVQEP1 ⇒ SGIVQEP2 ⇒ SGIVQEP3 and SGIVQEP4 ⇒ SGIVQEP5 and the solutions of Problems 1, 2 and 3 are
called general solution, strong solution and weak solution, respectively. Moreover, they established relationships among
them by using different kinds of generalized pseudomonotonicities and proved the existence of their solutions under lower
semicontinuity for a family of multivalued mappings involved in the formulation of these problems.
On the other hand, the notion of a generalized convex (or G-convex) space was introduced under an extra isotonic
condition by Park [16–21,13,22,14,23] and Park and Kim [24–26]. Recently, Ding and Yao [7] established some equilibrium
existence theorems for generalized games with fuzzy constraint correspondences and general preference correspondences
in noncompact G-convex spaces by using existence theorems of maximal elements for a family of set-valued mappings on
a product of G-convex space.
Motivated and inspired by Ansari [2] and Ding and Yao [7], this paper we introduce notion of Ci(x)-G-quasiconvex-like
w.r.t. {Fi}i∈I in G-convex space. By using this notion and an existence theorem of maximal elements for a family of set-
valued mappings due to Ding and Yao [7], some new existence theorems of solutions for SGIVQEP1–SGIVQEP5 are proved
in Sections 3 and 4. In Section 2, we present some basic concepts and useful lemmas for proving the existence results of this
paper.
2. Preliminaries
Let X be a topological space. A subset A of X is said to be compactly open (respectively, compactly closed) if for each
nonempty compact subset K of X, A ∩ K is open (respectively, closed) in K . It is said that a subset A of X is open if and only
if A is compactly open in X (see [27]). Moreover, Park [28] showed that we can eliminate the term compactly without any
loss of generality. Through out this paper, we shall denote by 2X and ⟨X⟩ the families of all subsets of X and the family of
all nonempty finite subsets of X , respectively. For each A ∈ ⟨X⟩, |A| denotes the cardinality of A. Let∆n denote the standard
n-dimensional simplex with vertices e1, e2, . . . , en+1, that is,
∆n =

u ∈ Rn+1 : u =
n+1−
i=1
λi(u)ei, λi(u) ≥ 0,
n+1−
i=1
λi(u) = 1

.
If J is a nonempty subset of {1, 2, . . . , n + 1}, we shall denote by ∆J the convex hull of vertices {ej : j ∈ J}. The following
notion of a generalized convex (G-convex) space was introduced by Park [16–21,13,22,14,23] and Park and Kim [24–26].
Definition 2.1. A G-convex space (X,D;Γ ) consists of a topological space X , a nonempty subset D of X , and a set-valued
mapping Γ : ⟨D⟩ −→ 2X \ {∅} such that
• for each A, B ∈ ⟨D⟩, A ⊂ B implies Γ (A) ⊂ Γ (B); and
• for each A ∈ ⟨D⟩ with |A| = n + 1, there exists a continuous mapping ϕA : ∆n −→ Γ (A) such that J ∈ ⟨A⟩ implies
ϕA(∆J) ⊂ Γ (J), where∆J denotes the face of∆n corresponding to J ∈ ⟨A⟩.
If D = X , then (X,D;Γ ) will be denoted by (X,Γ ). For an (X,D;Γ ), a subset C of X is said to be G-convex if, for each
A ∈ ⟨D⟩, A ⊂ C implies Γ (A) ⊆ C . We define G-convex hull of C as
G− co(C) = ∩{B ⊆ X : C ⊆ B and B is G-convex}.
Major examples of G-convex spaces are convex subsets of topological vector spaces, the Lassonde convex spaces,
C-spaces or H-spaces due to Horvath, metric spaces with the Michael convex structure, Pasicki S-contractible spaces,
Horvath pseudoconvex spaces, Komiya convex spaces, Bielawski simplicial convexity spaces, Joo pseudoconvex spaces, and
so on; see [25,26].
The next example was given by Cain and González [29] which showed that some G-convex space is neither an H-space
nor a convex space.
Example 2.2. Let X be a curve with end points x and y, x ≠ y as shown in Fig. 1.
Let D = {x, y} and define Γ : ⟨D⟩ −→ 2X \ {∅} as follows:
Γ ({x}) = {x}, Γ ({y}) = {y} and Γ ({x, y}) = X .
Then (X,D;Γ ) is a G-convex space.
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Fig. 1. Example 2.2.
Let I be any index set and, for each i ∈ I , let (Xi,Γi) be G-convex space and X = Πi∈IXi. Define a set-valued mapping
Γ : ⟨X⟩ −→ 2X \ {∅} by
Γ (N) = Πi∈IΓi(πi(N)), for each N ∈ ⟨X⟩,
where πi is the projection of X onto Xi. Then, (X,Γ ) becomes a G-convex space; see Theorem 4.1 of [30].
The following lemmas form amaximal element theorem for a family of set-valuedmappings on product G-convex spaces
due to Ding and Yao [7] are the main tool to establish the existence of solutions of SGIVQEP1–SGIVQEP5.
Lemma 2.3. Let I be any index set. For each i ∈ I , let (Xi,Γi) be G-convex space, let K be a nonempty compact subset of
X = Πi∈IXi. For each i ∈ I , let Si : X −→ 2Xi be a set-valued mapping such that:
(i) For each i ∈ I , and x ∈ X, Si(x) is G-convex;
(ii) For each x ∈ X, xi ∉ Si(x) for each i ∈ I;
(iii) For each i ∈ I , and yi ∈ Xi, S−1i (yi) is compactly open in X;
(iv) For each i ∈ I , and Ni ∈ ⟨Xi⟩, there exists a compact G-convex subset LNi of Xi containing Ni;
(v) For each x ∈ X \ K , there exists i ∈ I such that Si(x) ∩ LNi ≠ ∅.
Then there exist x¯ ∈ X such that Si(x¯) = ∅ for each i ∈ I .
Lemma 2.4. Let I be any index set. For each i ∈ I , let (Xi,Γi) be G-convex space, let K be a nonempty compact subset of
X = Πi∈IXi. For each i ∈ I , let Si, Ti : X −→ 2Xi be a set-valued mappings such that:
(i) For each i ∈ I , and x ∈ X,G− co(Si(x)) ⊆ Ti(x);
(ii) For each x ∈ X, xi ∉ Ti(x) for each i ∈ I;
(iii) For each i ∈ I , and yi ∈ Xi, S−1i (yi) is compactly open in X;
(iv) For each i ∈ I , and Ni ∈ ⟨Xi⟩, there exists a compact G-convex subset LNi of Xi containing Ni;
(v) For each x ∈ X \ K , there exists i ∈ I such that Si(x) ∩ LNi ≠ ∅.
Then there exist x¯ ∈ X such that Si(x¯) = ∅ for each i ∈ I .
We recall different kinds of generalized pseudomonotonicities introduced in [31].
Definition 2.5. Let {ψi}i∈I be a family of mappings ψi : Di × Ki × Ki −→ Yi. A family {Fi}i∈I of multivalued mappings
Fi : Ki −→ 2Yi with nonempty values is called:
(i) generalized strongly pseudomonotone w.r.t. {ψi}i∈I if for all x, y ∈ K and for each i ∈ I ,
∀ui ∈ Fi(x) : ψi(ui, xi, yi) ∉ −intCi(x)⇒ ∀vi ∈ Fi(y) : ψi(vi, yi, xi) ∉ −intCi(x);
(ii) generalized pseudomonotone w.r.t. {ψi}i∈I if for all x, y ∈ K and for each i ∈ I ,
∃ui ∈ Fi(x) : ψi(ui, xi, yi) ∉ −intCi(x)⇒ ∀vi ∈ Fi(y) : ψi(vi, yi, xi) ∉ −intCi(x);
(iii) generalized weakly pseudomonotone w.r.t. {ψi}i∈I if for all x, y ∈ K and for each i ∈ I ,
∃ui ∈ Fi(x) : ψi(ui, xi, yi) ∉ −intCi(x)⇒ ∃vi ∈ Fi(y) : ψi(vi, yi, xi) ∉ −intCi(x);
(iv) generalizedpseudomonotone+ w.r.t. {ψi}i∈I if for all x, y ∈ K and for each i ∈ I ,
∀ui ∈ Fi(x) : ψi(ui, xi, yi) ∉ −intCi(x)⇒ ∃vi ∈ Fi(y) : ψi(vi, yi, xi) ∉ −intCi(x).
Remark 2.6. Definition (i)⇒ Definition (ii)⇒ Definition (iii); Definition (iv)⇒ Definition (iii); Definition (i)⇒ Definition
(iv); that is, Definition (i)⇒ Definition (iv)⇒ Definition (iii).
The next lemma show the relationships among SGIVQEP1–SGIVQEP5.
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Lemma 2.7 ([2]).
(i) SGIVQEP3⇒ SGIVQEP4 if {Fi}i∈I is generalized pseudomonotone w.r.t. {ψi}i∈I .
(ii) SGIVQEP3⇒ SGIVQEP5 if {Fi}i∈I is generalized weakly pseudomonotone w.r.t. {ψi}i∈I .
(iii) SGIVQEP1⇒ SGIVQEP5 if {Fi}i∈I is generalized pseudomonotone+ w.r.t. {ψi}i∈I .
(iv) SGIVQEP1⇒ SGIVQEP4 if {Fi}i∈I is generalized strongly pseudomonotone w.r.t. {ψi}i∈I .
(v) SGIVQEP2⇒ SGIVQEP4 if {Fi}i∈I is generalized pseudomonotone w.r.t. {ψi}i∈I .
Definition 2.8. For each i ∈ I , let Fi : Ki −→ 2Yi be a multivalued mapping with nonempty values. A family {ψi}i∈I of
functions ψi : Di × Ki × Ki −→ Yi is called Ci(x)-G-quasiconvex-like w.r.t. {Fi}i∈I if for any x ∈ K ,Ni = {zi,0, . . . , zi,n} ∈
⟨Ki⟩, {zi,i0 , . . . , zi,ik} ⊂ Ni and zi ∈ Γ (Ni) there exists j ∈ {0, . . . , k} such that
∀ui ∈ Fi(x) : ψi(ui, xi, zi) ∈ ψi(ui, xi, zi,ij)− intCi(x).
Remark 2.9. Definition 2.8 generalizes the corresponding notion of Al-Homidan et al. (see [31]) from convex subset of
topological vector space to G-convex space.
3. Existence results under lower semicontinuity
Rest of the paper, we assume that I is any index set and for each i ∈ I, Yi is a topological vector space, K = Πi∈IKi, Ci :
K −→ 2Yi is a multivaluedmapping such that for all x ∈ K , Ci(x) is a closed convex cone with intCi(x) ≠ ∅, and the graph of
the multivalued mappingWi : K −→ 2Yi defined byWi(x) = Yi \ {−intCi(x)} for all x ∈ K , is closed. For each i ∈ I , we also
assume that Ai : K −→ 2Ki is a multivalued mapping such that for all x ∈ K , Ai(x) is a nonempty G-convex space, A−1i (yi) is
open in K for all yi ∈ Ki and the set Fi := {x ∈ K : xi ∈ Ai(x)} is closed in K , where xi is the ith component of x.
Theorem 3.1. Let I be any index set. For each i ∈ I , let (Xi,Γi) be a G-convex space, and Ki be a nonempty G-convex subset of
Xi. For each i ∈ I , let Fi : K −→ 2Yi be a multivalued mapping with nonempty values andψi : Di × Ki × Ki −→ Yi be a function
such that the following conditions are satisfied:
(i) For all x ∈ K, the family {ψi}i∈I of functions ψi is Ci(x)-G-quasiconvex-like w.r.t. {Fi}i∈I ;
(ii) For all x ∈ K and for all ui ∈ Fi(x), ψi(ui, xi, xi) ∉ −intCi(x);
(iii) For each yi ∈ Ki, the set {x ∈ K : ∃ui ∈ Fi(x) such that ψi(ui, xi, yi) ∈ −intCi(x)} is open in K;
(iv) There exist a nonempty compact subset M of K and a nonempty compact G-convex subset Ni of Ki for each i ∈ I such that
for all x ∈ K \M, there exist i ∈ I and yi ∈ Ni such that yi ∈ Ai(x) and ψi(ui, xi, yi) ∈ −intCi(x) for all ui ∈ Fi(x).
Then SGIVQEP1 has a solution.
Proof. For all x ∈ K and for each i ∈ I , define a multivalued mapping Pi : K −→ 2Ki by
Pi(x) = {yi ∈ Ki : ∃ui ∈ Fi(x) such that ψi(ui, xi, yi) ∈ −intCi(x)}.
Step 1. Show that Pi(x) is G-convex subset of Ki.
If the set Pi(x) is not G-convex subset of Ki, then there exists Ni = {zi,0, zi,1, . . . , zi,n} ∈ ⟨Pi(x)⟩ such that Γ (Ni) ⊈ Pi(x).
This implies that there exists z∗i ∈ Γ (Ni) such that z∗i ∉ Pi(x). By definition of Pi(x), we get
∀ui ∈ Fi(x), ψi(ui, xi, z∗i ) ∉ −intCi(x).
It follows from condition (i) that there exists j ∈ {0, . . . , k} such that
∀ui ∈ Fi(x) : ψi(ui, xi, z∗i ) ∈ ψi(ui, xi, zi,ij)− intCi(x).
Since zi,ij ∈ Pi(x), there exist ui ∈ Fi(x) such that ψi(ui, xi, zi,ij) ∈ −intCi(x). Thus, there exist ui ∈ Fi(x) such that
ψi(ui, xi, z∗i ) ∈ −intCi(x).
This is a contradiction and so Pi(x) is G-convex subset of Ki.
Step 2. Show that xi ∉ Pi(x) and P−1i (yi) is compactly open in K .
It follows from conditions (ii) and (iii) that xi ∉ Pi(x) and P−1i (yi) is compactly open in K , respectively.
Step 3. Show that there exists a solution of SGIVQEP1.
Since a product of G-convex space is G-convex, K is G-convex. For each i ∈ I and for all x ∈ K , define another multivalued
mapping Si : K −→ 2Ki by
Si(x) =

Ai(x) ∩ Pi(x), if x ∈ Fi,
Ai(x), if x ∉ Fi, (3.1)
where Fi := {x ∈ K : xi ∈ Ai(x)}. Since Ai(x) and Pi(x) are G-convex, Si(x) is G-convex. It follows from Step 2 that xi ∉ Si(x).
For each i ∈ I and yi ∈ Ki, we have
S−1i (yi) = (A−1i (yi) ∩ P−1i (yi)) ∪ ((K \ Fi) ∩ A−1i (yi)).
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Since A−1i (yi), P
−1
i (yi) are compactly open and Fi is compactly closed, S
−1
i (yi) is compactly open in K . Conditions (iv) and
(v) of Lemma 2.3 is followed from condition (iv). Then all the conditions of Lemma 2.3 are satisfied and hence there exists
x¯ ∈ K such that Si(x¯) = ∅ for each i ∈ I . Since Ai(x¯) ≠ ∅, we get Ai(x¯) ∩ Pi(x¯) = ∅. That is for all i ∈ I , x¯i ∈ Ai(x¯) and for all
u¯i ∈ Fi(x¯) satisfying
ψi(u¯i, x¯i, yi) ∉ −intCi(x¯), ∀yi ∈ Ai(x¯).
This implies that x¯ ∈ K is a solution of SGIVQEP1. 
The following example is to find a solution of SGIVQEP1 in G-convex space that is not convex subset of topological vector
space.
Example 3.2. Let X = R2, Y = R,D ⊂ L(X, Y ), S = {(x, y) : x ≤ 0 and y ≤ 0} and K = {(x, y) : x2 + y2 < 1} \ S.
Then K is a G-convex subset of X . Let F : K −→ 2Y be a multivalued mapping with nonempty valued and we define
C : K −→ 2Y , A : K −→ 2K and ψ : D× K × K −→ Y by
C(x, y) = [0,∞), ∀(x, y) ∈ K ,
A(x, y) = {(x′, y′) ∈ K : x′2 + y′2 ≤ x2 + y2}, ∀(x, y) ∈ K ,
ψ(u, a, b) = f (u, a)− f (u, b), ∀u ∈ D, a, b ∈ K ,
where
f (u, a) =

0 if |a| ≤ 1
2
,
−1 if |a| > 1
2
.
(3.2)
Then it easy to check the conditions (i)–(iii) of Theorem 3.1. Now, we only to check the condition (iv) of Theorem 3.1. Choose
M = N =

a ∈ K : |a| ≤ 1
2

.
So, for each a ∈ X \ M we get |a| ≥ 12 and f (u, a) = −1 for all u ∈ F(x). Since ∅ ≠ N ⊂ A(x), there exists b ∈ N such that
b ∈ A(a) and f (u, b) = 0 for all u ∈ F(x). Hence, ψ(u, x, y) = −1 − 0 ∈ −intC(a). Thus, by Theorem 3.1 SGIVQEP1 has a
solution. The solution is the set

a ∈ K : |a| ≤ 12

.
Remark 3.3. If we assume that Xi is a Hausdorff topological space for all i ∈ I , then the condition (iii) of Theorem 3.1 can be
replaced by the following conditions:
(iii)1 Fi : K −→ 2Ki be a lower semicontinuous multivalued mapping;
(iii)2 For each fixed yi ∈ Ki, the map (ui, xi) −→ ψi(ui, xi, yi) is continuous on Di × Ki.
Indeed, fixed yi ∈ Ki and let Pi : K −→ 2Ki be amultivaluedmapping define as Theorem 3.1. Let {xn} be a net in [P−1i (yi)]C
such that xn −→ x∗ ∈ K (componentwise). Then for each i ∈ I , and ∀ui,n ∈ Fi(xn) we have ψi(ui,n, xi,n, yi) ∉ −intCi(xn),
that is
ψi(ui,n, xi,n, yi) ∈ Yi \ {−intCi(xn)} = Wi(xn). (3.3)
By lower semicontinuity of Fi, for any u∗i ∈ Fi(x∗), there exists u˜i,n ∈ Fi(xn) such that {u˜i,n} converges to u∗i . By (3.3) we get
ψi(u˜i,n, xi,n, yi) ∈ Wi(xn).
Since u˜i,n −→ u∗i , xi,n −→ x∗ and ψi(·, ·, yi) is continuous on Di × Ki, we have
ψi(u˜i,n, xi,n, yi) −→ ψi(u˜∗i , x∗i , yi).
Since the graph ofWi is closed, we obtain that ψi(u˜∗i , x
∗
i , yi) ∈ Wi(x∗) = Yi \ {−intCi(x∗)}. That is,
∀u∗i ∈ Fi(x∗), ψi(u˜∗i , x∗i , yi) ∉ −intCi(x∗).
Therefore x∗ ∈ [P−1i (yi)]C and so [P−1i (yi)]C is closed in K . This implies that P−1i (yi) is open in K . Thus the condition (iii) of
Theorem 3.1 must be hold.
4. Existence results under pseudomonotonicity
Theorem 4.1. Let I be any index set. For each i ∈ I , let (Xi,Γi) be a G-convex space, Yi be a topological vector space and Ki be
a nonempty G-convex subset of Xi. For each i ∈ I , let Fi : K −→ 2Yi be a multivalued mapping with nonempty values and
ψi : Di × Ki × Ki −→ Yi be a function such that the following conditions are satisfied:
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(i) The family {Fi}i∈I of multivalued mappings Fi is generalized pseudomonotone w.r.t. {ψi}i∈I ;
(ii) For all x ∈ K, the family {ψi}i∈I of functions ψi is Ci(x)-G-quasiconvex-like w.r.t. {Fi}i∈I ;
(iii) For all x ∈ K and for all ui ∈ Fi(x), ψi(ui, xi, xi) ∉ −intCi(x);
(iv) For each yi ∈ Ki, the set {x ∈ K : ∃vi ∈ Fi(y) such that ψi(vi, yi, xi) ∈ −intCi(x)} is open in K;
(v) There exist a nonempty compact subset M of K and a nonempty compact G-convex subset Ni of Ki for each i ∈ I such that
for all x ∈ K \M, there exist i ∈ I and yi ∈ Ni such that yi ∈ Ai(x) and ψi(ui, xi, yi) ∈ −intCi(x) for all ui ∈ Fi(x).
Then SGIVQEP4 has a solution.
Proof. For all x ∈ K and for each i ∈ I , define two multivalued mappings Pi,Qi : K −→ 2Ki by
Pi(x) = {yi ∈ Ki : ∃vi ∈ Fi(y) such that ψi(vi, yi, xi) ∈ −intCi(x)}
and
Qi(x) = {yi ∈ Ki : ∀ui ∈ Fi(x) such that ψi(ui, xi, yi) ∈ −intCi(x)}.
Step 1. Show that G− co(Pi(x)) ⊆ Qi(x).
If the set Qi(x) is not G-convex subset of Ki, then there exists Ni = {zi,0, zi,1, . . . , zi,n} ∈ ⟨Qi(x)⟩ such that Γ (Ni) ⊈ Qi(x).
This implies that there exists z∗i ∈ Γ (Ni) such that z∗i ∉ Qi(x). By definition of Qi(x), we get
∃ui ∈ Fi(x), ψi(ui, xi, z∗i ) ∉ −intCi(x).
It follows from condition (ii) that there exists j ∈ {0, . . . , k} such that
∀ui ∈ Fi(x) : ψi(ui, xi, z∗i ) ∈ ψi(ui, xi, zi,ij)− intCi(x).
Since zi,ij ∈ Qi(x), for each ui ∈ Fi(x), ψi(ui, xi, zi,ij) ∈ −intCi(x). Thus, for each ui ∈ Fi(x) such that
ψi(ui, xi, z∗i ) ∈ −intCi(x).
This is a contradiction and so Qi(x) is G-convex subset of Ki. Now, we claim that Pi(x) ⊆ Qi(x) i.e. [Qi(x)]C ⊆ [Pi(x)]C . Let
yi ∈ [Qi(x)]C . Then there exists ui ∈ Fi(x) such that
ψi(ui, xi, yi) ∉ −intCi(x).
By condition (i), we obtain that
∀vi ∈ Fi(y), ψi(vi, yi, xi) ∉ −intCi(x).
That is yi ∈ [Pi(x)]C and so Pi(x) ⊆ Qi(x). It follows from definition of G− co(Pi(x)) that G− co(Pi(x)) ⊆ Qi(x).
Step 2. Show that xi ∉ Qi(x) and P−1i (yi) is compactly open in K .
It follows from conditions (iii) and (iv) that xi ∉ Qi(x) and P−1i (yi) is compactly open in K , respectively.
Step 3. Show that there exists a solution of SGIVQEP4.
For each i ∈ I and for all x ∈ K , define another multivalued mapping Si, Ti : K −→ 2Ki by
Si(x) =

Ai(x) ∩ Pi(x), if x ∈ Fi,
Ai(x), if x ∉ Fi, (4.1)
and
Ti(x) =

Ai(x) ∩ Qi(x), if x ∈ Fi,
Ai(x), if x ∉ Fi, (4.2)
where Fi := {x ∈ K : xi ∈ Ai(x)}. Since Ai(x) is G-convex and G − co(Pi(x)) ⊆ Qi(x), G − co(Si(x)) ⊆ Ti(x). It follows from
Step 2 that xi ∉ Ti(x). For each i ∈ I and yi ∈ Ki, we have
S−1i (yi) = (A−1i (yi) ∩ P−1i (yi)) ∪ ((K \ Fi) ∩ A−1i (yi)).
Since A−1i (yi), P
−1
i (yi) are compactly open and Fi is compactly closed, S
−1
i (yi) is compactly open in K . Conditions (iv) and
(v) of Lemma 2.4 is followed from condition (v). Then all the conditions of Lemma 2.4 are satisfied and hence there exists
x¯ ∈ K such that Si(x¯) = ∅ for each i ∈ I . Since Ai(x¯) ≠ ∅, we get Ai(x¯) ∩ Pi(x¯) = ∅. That is for all i ∈ I , x¯i ∈ Ai(x¯) and for all
y ∈ A(x¯), vi ∈ Fi(y) satisfying
ψi(vi, yi, x¯i) ∉ −intCi(x¯),
where yi is the ith component of y. This implies that x¯ ∈ K is a solution of Problem 4. 
Remark 4.2. If Xi is a Hausdorff topological space for all i ∈ I , then the condition (iv) of Theorem 4.1 can be replaced by the
following conditions:
(iv)∗ For each fixed (vi, yi) ∈ Di × Ki, the map xi −→ ψi(vi, yi, xi) is continuous on Ki.
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Indeed, fixed yi ∈ Ki and let Pi : K −→ 2Ki be amultivaluedmapping define as Theorem 4.1. Let {xn} be a net in [P−1i (yi)]C
such that xn −→ x∗ ∈ K (componentwise). Then for each i ∈ I , and ∀vi ∈ Fi(y)we have ψi(vi, yi, xi,n) ∉ −intCi(xn), that is
ψi(vi, yi, xi,n) ∈ Yi \ {−intCi(xn)} = Wi(xn). (4.3)
Since ψi(vi, yi, ·) is continuous on Ki and the graph of Wi is closed, we have ψi(vi, yi, xi,n) −→ ψi(vi, yi, x∗i ) ∈ Wi(x∗) =
Yi \ {−intCi(x∗)}. That is,
∀vi ∈ Fi(y), ψi(vi, yi, x∗i ) ∉ −intCi(x∗).
Therefore x∗ ∈ [P−1i (yi)]C and so [P−1i (yi)]C is closed in K . This implies that P−1i (yi) is open in K . Thus the condition (iv) of
Theorem 4.1 must be hold.
If we set Ki is a nonempty convex subset of a Hausdorff topological vector space Xi, then we obtains the next corollary.
Corollary 4.3 ([31]). Let I be any index set, let Ki be a nonempty convex subset of a Hausdorff topological vector space Xi and the
graph of the multivalued mapping Wi : K −→ 2Yi defined by Wi(x) = Yi \ {−intCi(x)} for all x ∈ K , be closed. For each i ∈ I ,
let Fi : K −→ 2Ki be a multivalued mapping with nonempty values and ψi : Di × Ki × Ki −→ Yi be a function such that the
following conditions are satisfied:
(i) The family {Fi}i∈I of multivalued mappings Fi is generalized pseudomonotone w.r.t. {ψi}i∈I ;
(ii) For all x ∈ K, the family {ψi}i∈I of functions ψi is Ci(x)-quasiconvex-like w.r.t. {Fi}i∈I ;
(iii) For all x ∈ K and for all ui ∈ Fi(x), ψi(ui, xi, xi) ∉ −intCi(x);
(iv) For each fixed (vi, yi) ∈ Di × Ki, the map xi −→ ψi(vi, yi, xi) is continuous on Ki;
(v) There exist a nonempty compact subset M of K and a nonempty compact G-convex subset Ni of Ki for each i ∈ I such that
for all x ∈ K \M, there exist i ∈ I and yi ∈ Ni such that yi ∈ Ai(x) and ψi(ui, xi, yi) ∈ −intCi(x) for all ui ∈ Fi(x).
Then Problem 4 has a solution.
Proof. Since the convex subsets of topological vector space is G-convex space and Remark 2.9, we obtain the desired
result. 
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